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0 ≤ x0 < y0 ≤ L
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 
x0 + r < y0
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0 ≤ r ≤ L
TL,r(x0, y0) =
32(L − r)2
Dπ4
∞
∑
m≥1
m 
∞
∑
n≥1
n 
sin
(
mπ(y0+x0−r)
2(L−r)
)
sin
(
nπ(y0−x0−r)
2(L−r)
)
mn(m2 + n2)
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Z = {z(t) = (u(t), v(t)), t ≥ 0} *(0   u0 = u(0) %
= v0 := v(0)%
=  ('(1'   % 0 ≤ u0 ≤ R 
  0 ≤ v0 ≤ R *2>  
τR := inf{t ≥ 0 : u(t) ∈ {0, R}
%$
v(t) ∈ {0, R}}
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  τR(u0, u0) = IE[τR | z(0) = (u0, v0)] *  
 $
τR(u0, v0) =
16R2
Dπ4
∞
∑
m≥1
m 
∞
∑
n≥1
n 
sin
(
mπu0
R
)
sin
(
nπv0
R
)
mn(m2 + n2)
.
¿^ZÀ

bdcfh5fxzszª)zª6\xz{:zÄt®~¤v~¥z{}u°Ó'~td{~¥³{h}=~¤}f:h}f~µ­°fÁ»hxh²}fzD¦G~¥}´$zÄt®~¤vx~¤zZ}·vzfxzD³{h
\xz{:zÄt®~¤v~¥z{}f°¤Z°
  Ê«Ê <Ê <5  Ê NÊ .B. Ê - 0 *
 hv
x0 + r < y0 ≤ L
°=}Ãh"Ä|f~¥³D{£¤h8}Zv¦"JrÂvxzV³s~¤h8¦%vcfh·½"zD¦l}f~}agzvx~¤zZ}t } Dv
vx~¤gh
t = 0
~tdvxz
yzZ}t®~uh8dvcvvcfh:z{~¥}Zv
(x0, y0)
~tl£¥zuyvh8=~¤}vcfh|ff:h8lvx~}fZ£¤h@~¤}ÂÍ)~¥{|h
uh8£¤~¥g~µvxh8=sr
vch@£¤~¥}fh8t
x = 0
¶
y = L
{}
y = x + r
°N± ª3¦"h@Ztt|fgh²vcvlvcfh@:zZ|f}f{~¥h8t
x = 0{}
y = L
xhlxh¼hy¨vx~¤}f'$zZ|f}f{~¥h8tN~¥}·Í)~¥{|h¶{vch}
¦,hthhvcv
TL,r(x0, y0)
~t}fzvxcf~¤}f|fv
vxcfh'h­u:hy¨vhv~¥g´hj}fhhuh8ªBzZvxcfhvw¦,z{¸ u~¥gh}t~¥z{}{£X½"xzJ¦l}f~}Vg´z{v~¥z{} {(x(t), y(t)), t ≥ 0} vxzcf~¤vXvcfh,u~Zz{}{£zªsvcfhNvx~}fZ£¤h¿B~Ø° hZ°«vxzcf~¤vXvcfh£¥~¤}h
y = x+r
À¹{~¥³{h}²vxcDv
(x(0), y(0)) = (x0, y0)
°
¿^bdcfhfxzuyhtt {(x(t), y(t)), t ≥ 0} ~t´vw¦,z{¸ u~¥gh}t~¥z{}{£«½"xzJ¦l}~¥{}=gzv~¥z{}Ât®~¥}yh {x(t), t ≥ 0}{} {y(t), t ≥ 0} xh²:z{vc=~¥}uh8:h}uh8}Zv½"zD¦l}f~}g´z{v~¥z{}t8°ÓÀ½,r»|t®~¥}fvxcfh·y£{txt®~y{£6ghvcfzu zªd~¥g{{ht<¿Rthh
h{° °  u¶3«°f À¶X~¤vjy{}a:h·t®h8h}avc$Dvvcf~t
vx~¤gh²~t,~¤vxth£¤ª)~¥fh}Zvx~¥y8£:vzjvcfh5h­u:h8y¨vxh8
v~¥g´h5}fhhuh8
vz´cf~µvdvcfh²:zZ|f}f{rzª«vxcfh5tZ|$xhzª)t~¤©8h
√
2(L− r) Är √2(L− r) tcfzJ¦l}·~¥}=Í3~¤Z|fh²j{~¥³{h}
vxcDv (x(0), y(0)) = (x0, y0) °\bdc~¥t"~tdu|fhvzvxcfh@h¼h8yv~¥}f$zZ|f}f{~¥h8tlDv
x = 0
}$
y = L
{y¨vx~¥}f<{tdg~¤xzZxt8°
±¯} zZxfh´vxz ff£¥r vcfhÂht®|£µv
~¤} \xz{:zÄt®~¤vx~¤zZ} u°Óu¶,¦"h}hh8 vxzÃyz{gf|uvxhvcfh¾yzsz{9u~¥}Dvxh8t
(x′0, y
′
0)
z{ª
(x0, y0)
~¤}V´}fh8¦Tt®rut®vh8gz{ª6yzsz{9u~¥}Dvxh8t
(x′, y′)
uh8f~¥yvh~¥}VÍ)~¥{|h5<}$¦lcf~¥y9c~¥t
xzv9Dvh
45o
ªBxz{gvxcfhz{x~¥{~¥}£«yzszZxf~¤}vh@t®rut®vh8g=°,Á»h@¬}
(x′0, y
′
0) = ((y0 + x0 − r)/
√
2
}$
(y0 − x0 − r)/
√
2)
}¦,h@g<ryz{}$y£¥|uh{¶uªBzZg \xz{:zÄt®~¤v~¥z{}f° f¶svcv
TL,r(x0, y0) = τ√2(L−r)
(
(y0 + x0 − r)/
√
2, (y0 − x0 − r)/
√
2
)
.
¿RÄÀ
½"r
|$t®~¥}fV¿RÄÀ"~¤}=vcfh@° cX° t8°6z{ªd¿BÄÀ"¦,ht®h8h²vcv'¿^{À"cfzZ£¥ft8°
}'h­f{g´f£¥hzªfvcfh,h­s:hy¨vxh85vxx{}t®ªBhXv~¥g´h
TL,r(x0, y0)
~t3u~¥tf£r{h@~¤}jÍ3~¤Z|fh '¿^t®h8h"pshy¨vx~¤zZ}
´ªBzZyz{ggh}Ävxt9À¨°
Á»hyz{}y£¤|fh<vcf~tjth8yv~¥z{}ÃÄraZ~¤³s~¥}fVvcfh·h­u$hy¨vxh8avxx{}t®ªBhv~¥gh·¦lcfh} :zvxcÃgz{~¤£¥h8tjxh
|f}f~¤ªBz{xg£¥ru~twvx~¥f|uvxh8=zD³{hdvxcfh't®hZgh}Zv
[0, L]
vlv~¥g´h
t = 0
°NÁah¦l~¤£¥£Xthh@~¥}=vch@}fh­svth8y¨vx~¤zZ}
vxcDv²vc~¥t5yZt®h´yzZxh8t:z{}ftvz·vxcfht®~¤v|$Dv~¥z{}¾¦lchxh':z{vca½,xzD¦l}f~¥{}Vgz{v~¥z{}t}$	{hj~¤}
t®vh{urÄ¸¯twv9Dvh5vdvx~¤gh
t = 0
°
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Reflecting
boundary
Absorbing
boundary
(x ,yo o )
Reflecting
boundary
Reflecting
boundary
r
L
0
r
yo
xo L
Í3~¥{|fxh<  5Á ch} gz{f~¥£¤ht
X
{}
Y
{hv
'u~twv9}yh
r
zª«h8Zyxc
zvxcfhvcfh8r{h£¥zuyvh
zZ}vcfh@£¥~¥}fh
y = x + r
¿
y0 > x0 + r
À°
Absorbing
boundary
Absorbing
boundary
Absorbing
boundary
Absorbing
boundary
L
0
L
 	


 

	

  
 
Í3~¤Z|fhl  3pu~¤}yhlxh¼hy¨v~¥}f5$x~¥h9t6Dv
x = 0}
y = L
{y¨v'{t5g~¥xz{9t¶¹vcfh<ghvxcfzuazª
~¤g<{{h8t\v|}tNvcfhfzZf£¤h8g%~¥}Zvxz''  ½,xzD¦d¸
}f~}'gzvx~¤zZ}'~¤}$t®~uh,ªBz{|f\tz{xf~¥}f{x~¥h9t°
  Ê\Ê J. . Ê - 0 9 	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 Æ Ë 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8.BX Æ Ë . - . .B ,
NÊ . J. Ê - . 
('(1'   @ # %     	 ( X %
= Y $ '@
 	  $    	 ( $	"1'@    $ [0, L] % 3 	   t = 0 %
=
0 ≤ r ≤ L *    "!9;  '  $ 
G(  $  	   IE[TL,r] 	 (
IE[TL,r] =
128(L − r)4
Dπ6 L2
C0,
¿Ø{À
!4$ 
C0
	 ( '
;( 
  3 	) 
 
C0 =
∑∞
m=1
m 
∑∞
n=1
n 
1
m2n2(m2+n2) ≈ 0.52792664. 
  Ê«Ê <  pu~¤}yh o{}  xh²|f}f~¤ªBz{xg£¤ru~twvx~¥f|uvxh8Dv
t = 0
¶f¦,h@c³{h
IE[TL,r] =
1
L2
∫ L
0
∫ L
0
IE[TL,r |x(0) = x0, y(0) = y0]dx0dy0
=
1
L2
∫
x0+r<y0≤L
TL,r(x0, y0) dx0dy0 +
1
L2
∫
y0+r<x0≤L
TL,r(y0, x0) dx0dy0
=
2
L2
∫
x0+r<y0≤L
TL,r(y0, x0) dx0dy0
=
64(L − r)2
Dπ4L2
∫
x0+r<y0≤L
h(y0+x0−r, y0−x0−r)dx0 dy0.
')(3D*')+
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¦lcfh8h
h(u, v) :=
∞
∑
m≥1
m   
∞
∑
n≥1
n   
sin(muβ) sin(nvβ)
mn(m2 + n2)
, β :=
π√
2(L − r)
.
h¬}fh@vcfh@}fh8¦ ³D{~f£¥h8t
u = (y0 + x0 − r)/
√
2
{}
v = (y0 − x0 − r)/
√
2
°\Áah5¬}
IE[TL,r] =
64(L − r)2
Dπ4L2
[
∫
L−r√
2
u=0
∫ u
v=0
h(u, v)|J(u, v)| dv du
+
∫
√
2(L−r)
u= L−r√
2
∫
√
2(L−r)−u
v=0
h(u, v)|J(u, v)| dv du
]
¿ ZÀ
¦lcfh8h |J(u, v)| ¿ 1 À"~¥tdvch@fhvh8g~¥}}Ävlz{ª)vcfhZ{yz{f~}gvx~¤­
J(u, v) =





dx
du
dx
dv
dy
du
dy
dv





=





1√
2
− 1√
2
1√
2
1√
2





.
± vxhg<{~¤}tvz h³D{£¤|$Dvh¾vxcfh»vw¦,z uz{|f£¤ha~¥}Zvxh{9£t~¤} ¿ ZÀ° ½"r g{§s~¤}f |$t®hazª'vcfh ~¥fh}Zvx~µvwr
h(u, v) = h(
√
2(L−r)−u, v) ¦,h@thh²vxcDv:z{vc=~¥}ZvxhZx{£¥t"~¥}vxcfh@° c«° t8°6zªd¿ ZÀdxh²h"Ä|{£Ø¶ft®~¥}yh
∫
√
2(L−r)
u= L−r√
2
∫
√
2(L−r)−u
v=0
h(u, v)dvdu =
∫
√
2(L−r)
u= L−r√
2
∫
√
2(L−r)−u
v=0
h(
√
2(L−r)−u, v)dvdu =
∫
L−r√
2
u=0
∫ u
v=0
h(u, v)dvdu.
bdcfh5¬9twvl~¥}ZvxhZx{£¹y8}=:h5h8³D£¥|vh8Är·|t~¤}´vcfhtrsg´ghvxr
h(u, v) = h(v, u)
°Nbdcf~tl{~¥³{h8t
∫
L−r√
2
u=0
∫ u
v=0
h(u, v)dvdu =
∫
L−r√
2
u=0
∫ u
v=0
h(v, u)dvdu =
∫
L−r√
2
v=0
∫
L−r√
2
u=v
h(v, u)dudv
=
∫
L−r√
2
u=0
∫
L−r√
2
v=u
h(u, v)dvdu.
Ìh}yhZ¶
∫
L−r√
2
u=0
∫ u
v=0
h(u, v)dvdu =
1
2
∫
L−r√
2
u=0
∫
L−r√
2
v=0
h(u, v)dvdu
tzjvxcDv
IE[TL,r] =
64(L − r)2
Dπ4L2
∫
L−r√
2
0
∫
L−r√
2
0
h(u, v)dvdu.
¿ {À
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     %
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0 (I−2)L IL2LL (I−1)L
Í)~¥{|h  N yxc{~¤}=z{ª3h8£¥Jrs~¥}fjgzZf~¤£¥h8t8°
ps~¥}yh vcfh fz{|ff£¥h t®h8~¥h8t~¤}
h(u, v)
xh|}f~µªBzZg£¥r :z{|f}fh8 ~¤} vxcfh ³D{~£¤ht
u, v ∈ [0,
√
2(L − r)] ¿B~¤v9t$t®zZ£¤|uvxh@³D{£¤|fh~¥t:z{|}uh8=ªBxz{g{:zJ³{h@Är (∑k≥1 1/k2)2 = π4/36
À¨¶
¦,hdg<r~¥}Ä³{zZ§{hvxcfhd:zZ|f}uh8´yz{}Ä³{h8Zh}yhNvxcfhzZh8g vxz²~¥}Zvxh9yxc{}f{h,vchd~¤}Ävh8{9£u}´t®|fgg<Dvx~¤zZ}
t~¤Z}td~¤}Ã¿ {À¨°Nbdcf~tl{~¥³{h8t
IE[TL,r] =
64(L − r)2
Dπ4L2
∞
∑
m≥1
m   
∞
∑
n≥1
n   
1
mn(m2 + n2)
∫
L−r√
2
u=0
sin(muβ)du
∫
L−r√
2
v=0
sin(nvβ)dv
=
128(L − r)4
Dπ6L2
∞
∑
m≥1
m   
∞
∑
n≥1
n   
1
m2n2(m2 + n2)
.
bdcfh@£{t®vl£¤~¥}fh5ªBz{£¥£¤zD¦td:h8y{|th
cos( jπ2 ) = 0
ª zZ
j
zuf¹°
    . '	8 &3
	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ÁahVyz{}$t®~uh´vcfhVt~µvx|Dvx~¤zZ} fhf~y¨vxh8 ~¤} Í3~¤Z|fhVf° bdcfhxh={h
I
ZJ®{yh}Zv
t®h8{gh}Ävxt8¶Nh{y9cKz{ª
£¥h}f{vc
L
¶u{}<vchxh~¥tdjt®~¥}fZ£¤hgz{f~¥£¥h:hdthZgh}Zv°6Á»h5uh8}fzvxhÄr
Xi
vxcfh²g´zZf~¥£¤h²~¤}=t®h8{gh}Äv
i
°  hv
0 ≤ xi(t) ≤ L
¿
i = 1, . . . , I
À,:h²vxcfh $ % "	)d:zÄt®~¤v~¥z{}=zªXvxcfh
i
¸^vxc=gz{f~¥£¤h5~¥}=~¤vxtlthZg´h8}Zv°
Áah´{txt®|fghvcvvxcfhjfxzuyh8txt
Xi = {xi(t), t ≥ 0}
~t·½"xzJ¦l}f~}Vgzvx~¤zZ}V¦l~¤vc¾©h8zu~¤ª v5}
u~"Q|t®~¥z{} yzsh!
y~¥h}Äv
D
}$ÂvxcDv
X1, . . . ,XI
xhjg'|fv|{£¤£¥rÂ~¥}uh8:h}uh8}Zvfxzuyhtth8t8°  {t®v8¶«¦,h
Ztt|fghvxcDvh{yxcthZg´h8}Zvlc${tdxh¼hy¨v~¥}f:z{|f}$fx~¤htdDvlvcfh@h8}ft8°
 hv
T1 = inf{t ≥ 0 : x1(t) + r ≥ L + x2(t)}
:hvxcfh'v9}$twªBhv~¥ghj:hvw¦,hh8}ÂgzZf~¤£¥h8t
X1
{}
X2
¶svxcDvl~t
T1
~t,vch¬9t®v"v~¥gh²¦lch}
X1
}
X2
{h£¥zuy8Dvxh8·vl´u~¥t®vx{}yh²£¥h8txt,vc{}zZ"h"Ä|{£
vxz
r
ªBzZg h{y9c»z{vcfh88°<bdchxh£rVv~¥gh8t
T2 ≤ · · · ≤ TI−1
:hv¯¦,h8h} gz{f~¥£¤ht
X2
{}
X3
¶
. . .
¶
XI−1
}
XI
¶uxh8t:h8yv~¥³{h£¥r{¶fxh²xh8y|xt~¤³{h8£¤r
fh¬}fh=Är
Ti = inf{t ≥ Ti−1 : xi(t) + r ≥ L + xi+1(t)}, i = 2, . . . , I − 1.
k|flzZswhy¨v~¥³{h5~¥}=vcf~tt®hy¨vx~¤zZ}~tdvz<yz{gf|uvxh
IE[Ti]
ªBzZ
i = 1, . . . , I − 1 °bdcfzZ|f{cfzZ|uvvcf~tth8yv~¥z{}V¦"h'Ztt|fgh@vc$Dv
L ≤ r ≤ 2L °bdcf~tZtt|fguv~¥z{}V~tg<{uhªBz{vchtx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bdcfhuh8}t~µvwrÃfxz{$f~¥£¤~¤vwr
q(x, t;u0)
vxcDv´vxcfh½"xzJ¦l}f~}Kg´z{v~¥z{} {u(t), t ≥ 0} ~¥t´~¥} :zZt~µvx~¤zZ}
x ∈ (0, R) vjv~¥gh t ¶NZ~¤³{h8}ÃvxcDv u(0) = u0 {}Ãvc$Dv´vcfh½"xzJ¦l}~¥{}Ãgz{v~¥z{}Kc{t´}fzv:hh}{t®zZ:h
|f=vxz´v~¥gh
t
¶f~¥t  f¶f«°Z{u¶sªBz{xg'|f£¥¿ f°Óu°¥À  ¥s¶f{{h 
w(x, t;u0) =
2
R
∑
n≥1
e−(nπ/R)
2Dt sin
(nπx
R
)
sin
(nπu0
R
)
.
ps~¥}yh {u(t), t ≥ 0} } {v(t), t ≥ 0} xh'~¤}fh:h}$uh}Zv}Â~uh}Äv~y£\½"zD¦l}f~}Vgzvx~¤zZ}t8¶:¦,huhu|yhdªBxz{g/vxcfh{:zJ³{h"vcv\vxcfhuh8}t®~¤vwr'fxz{{f~¥£¤~¤v¯r
p(x, y, t;u0, v0)
vxcDv\vxcfhdvw¦,z{¸ u~¥gh}t~¥z{}£
½"xzJ¦l}f~}
gzvx~¤zZ}
Z
~t,~¥}:zZt~µvx~¤zZ}
(x, y)
Dv"v~¥gh
t
¶s¦l~¤vcfzZ|uvdcJ³Ä~¥}fjcf~¤vdz{}hzª«vxcfh5t~¥fh8t,z{ª«vch
tÄ|xh8t"|f=vz´vx~¥g´h
t
¶f~tdZ~¤³{h8}sr
p(x, y, t;u0, v0) = w(x, t;u0)w(y, t; v0). 0 < x, y < R.
¿wZÀ
i,zZ}u~¤v~¥z{}fhaz{}
z(0) = (u0, v0)
¶)vcfh·fzZ~¤£¥~µvwr
S(t;u0, v0) = P (τR > t)
vcvvcfh
zuyh8txt
cZtd}fzvcf~¤vlvcfh@:zZ|f}f{~¥h8tdvdvx~¤gh
t
¿Rzª vh8}Vy£¥£¥h8·vch@t|fx³s~¤³£Qfxz{{f~¥£¤~¤v¯r   À"~tl{~¥³{h}=Är
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 	
	
	 "!#%$'&( 
S(t;u0, v0) =
∫ R
0
∫ R
0
p(x, y, t;u0, v0)dxdy.
bdcfh8hªBz{xh{¶
S(t;u0, v0) =
∫ R
0
w(x, t;u0)dx
∫ R
0
w(y, t; v0)dy
=
4
R2
∑
m≥1
e−(mπ/R)
2Dt sin
(mπu0
R
)
∫ R
0
sin
(mπx
R
)
dx ×
∑
n≥1
e−(nπ/R)
2Dt sin
(nπv0
R
)
∫ R
0
sin
(nπy
R
)
dy
¿w{À
=
16
π2
∑
m≥1
m   
∑
m≥1
n   
sin
(
mπu0
R
)
sin
(
nπv0
R
)
mn
e−
π
2
R2
(m2+n2)Dt,
¦lcfh8h<vcfh·|f}f~¤ªBz{xgyz{}Ä³ZhZh}yhzªdvcfhthx~¤ht
w(x, t; ·) ~¤} x ∈ [0,∞) ¿R:h8y{|th |w(x, t; ·)| ≤
1/(1 − exp(−(π/R)2Dt)) À{£¤£¥zJ¦tzZ}fh'vz~¥}Zvxh9yxc{}f{h'~¥}Zvxh{9£6}¾t®|g´g<v~¥z{}»t®~¥{}t~¥} ¿wÀ¨°ºzvhjvc$Dv8¶X{th­s:hy¨vh¹¶
S(0;u0, v0) = 1
t~¤}yh ∑
i≥1 sin((2i − 1)x)/(2i − 1) = π/4
ªBzZ5£¥£
x ¶fÍz{xg'|f£Z° ZÄu°¥ °
Í)~¥}{£¤£¥r{¶
τR(u0, v0) =
∫ ∞
0
S(t;u0, v0) dt
=
16
π2
∫ ∞
0
∑
m≥1
m   
∑
m≥1
n   
sin
(
mπu0
R
)
sin
(
nπv0
R
)
mn
e−
π
2
R2
(m2+n2)Dt dt
¿w ÄÀ
=
16
π2
∑
m≥1
m   
∑
m≥1
n   
sin
(
mπu0
R
)
sin
(
nπv0
R
)
mn
∫ ∞
0
e−
π
2
R2
(m2+n2)Dtdt
¿w8ÄÀ
=
16R2
Dπ4
∞
∑
m≥1
m   
∞
∑
n≥1
n   
sin
(
mπu0
R
)
sin
(
nπv0
R
)
mn(m2 + n2)
,
¦lcfh8hj¦,h´cJ³{hj|t®hVvxcfh´fxz{:hvwrvxcDv²vxcfht®h8~¥h8t
S(t; ·, ·) ~t|}f~µªBzZg£¥rÂyz{}s³{hx{h}Äv~¥} [0,∞)¿^t®~¥}yh
S(t; ·, ·) ≤ 1 ªBz{£¥£ t ≥ 0 sruh¬}f~¤v~¥z{}z{ª S(t; ·, ·) À"vz<~¥}Zvxh9yxc{}f{h²vxcfht|fgg<Dvx~¤zZ}{}vxcfh@~¤}Ävh8{9£¹t~¥{}td~¥} ¿® ZÀvxzZ~¤³{h<¿wZÀ°\bdcf~tlyz{}y£¤|fh8t"vxcfh@fzuzªw°
¾·	 0  	 &)< 	 &3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 hv
x(t)
{}
y(t)
:h¾vcfh»h8£¥v~¥³{hÂ:zZt~µvx~¥z{}t·v·v~¥gh
t
z{ª@gzZf~¤£¥h8t
X
{}
Y
~¤}
[0, L]
{}
[L, 2L]
¶:ht®:hy¨v~¥³{h£¥rZ°  hv
T
vcfh'¬xt®vvx~¤ghj¦lcfh}
x(t) + r ≥ y(t) + L °kthx³{h5vc$Dv T = 0 ~¤ª
D6D Ù%EGFHJII
      %
 $ 
=    	

x(0) + r ≥ y(0) + L °\Áah@c³{h
P (y(T ) < y | x(0) = x0) =
1
L
∫ L
0
P (y(T ) < y |x(0) = x0, y(0) = y0) dy0
=
1
L
∫ L
0
1{x0+r≥L+y0}1{y>y0} dy0
+
1
L
∫ L
0
1{x0+r<L+y0,y≥r−L}P (y(T ) < y |x(0) = x0, y(0) = y0) dy0
=
1
L
min(x0 + r − L, y)
+
1
L
1{y≥r−L,x0<2L−r}
∫ L
x0+r−L
P (y(T ) < y |x(0) = x0, y(0) = y0) dy0,
¦lcfh8h"vxcfhl~¥}u~yvz{6ªB|f}$y¨v~¥z{}
1{y≥r−L}
~¥}´vcfhth8yz{}j~¥}ZvxhZx{£s~¥}´vcfht®hyz{}jh Z|$£¥~µvwrj{yyz{|f}Ävxt
ªBzZ«vxcfhªR{y¨v)vc$Dv3~µªfvcfhv9}t®ªBh3uzsht«}fz{vXv9§{hf£¥Zyh,Dv
t = 0
¿B|}uh)vch,yz{}u~¤v~¥z{}
x0+r < y+Lvxcfh}´}fhyh8txtxx~¤£¥r
T > 0
ÀXvcfh8}´gz{f~¥£¥h
Y
y8}j}fz{v\$hd£¥zuyvh~¥}
[L,L−r) Dv6v~¥gh T Zt3zvchx¦l~¥thvxcfhlh8£¥Jr@¦,zZ|f£jcJ³{h"zfyy|fxxh8'$hªBz{xh"v~¥g´h
T
° ~":h8h}Äv~Dvx~¤}5:zvxct~uh8t6z{ª$vcfh{:zJ³{h"xh£Dvx~¤zZ}
¦l~¤vcxhZ{xft,vz
y
{~¥³{h8t
q(y;x0) =
1
L
1{y≤x0+r−L} +
1
L
1{y≥r−L,x0<2L−r}
∫ L
x0+r−L
g(y;x0, y0) dy0,
¿^ÄÀ
¦l~¤vc
g(y;x0, y0) := (∂/∂y)P (y(T ) < y |x(0) = x0, y(0) = y0)
° ± v=xhg<~¥}t
vxz h³D{£¤|$Dvh
g(y;x0, y0)
°²b)z<vxcf~th}¹¶Q¦,hj¦l~¤£¥£3|thjÄ~¥}vcfhjghvxcfzuÂzªN~¥g{{ht'¿^t®hhjfxzszª\z{ª\zZ:zZt~µvx~¤zZ}
f°¤JÀ¨°
i,z{}t~¥fh5tÄ|xh'zª"t®~¥©h
R
Är
R
¶¹¦l~¤vc
R =
√
2(2L − r) ¶«uh8£¤~¥g~µvxh8»Ärvxcfh¿^tz{xf~¥}fÄÀ:zZ|f}fx~¥h8t
x′ = 0
¶
x′ = R
¶
y′ = 0
}
y′ = R
°Npsvxv~¥}f'ªBxz{g :zZt~µvx~¤zZ}
(x′0, y
′
0)
Dv,vx~¤gh
t = 0
¶
vxcfh
:uª
p(x′, y′, t;x′0, y
′
0)
zª"vcfh
£¥zuyv~¥z{}azªl=vw¦,z¸¯u~¥gh}t~¤zZ}£½,xzD¦l}f~¥{}»gzvx~¥z{}ÃDv@vx~¤gh
t
¶
Z~¤³{h8}·vxcDvlvch@g´zZf~¥£¤h5c${td}fz{vl:hh8}{t®zZ:h
|vxz´vx~¤gh
t
¶f~¥tl{~¥³{h}=Är»¿^t®h8h<¿® ZÀÀ
p(x′, y′, t;x′0, y
′
0) =
4
R2
∑
n≥1
∑
n≥1
e−(m
2+n2)(π/R)2Dt×
sin
(
mπx′
R
)
sin
(
nπy′
R
)
sin
(
mπx′0
R
)
sin
(
nπy′0
R
)
.
¿^uJÀ
bdcf~th­ufxh8txt®~¥z{}¦l~¥£¤£):h'|th8V£¥vhzZ}vzuhx~¥³{h@vcfh'Qsªzª6vxcfh'£¤zfyDvx~¤zZ}¦lcfh8h@vxcfhj½"zD¦l}f~}
gzvx~¤zZ}=cf~µv9tdvcfht~uh5z{ª)vcfhtÄ|xhªBz{dvxcfh5¬xt®vdvx~¤gh{°
 hv
ξ(x′, y′;x′0, y
′
0)
¿
0 ≤ x′, y′, x′0, y′0 ≤ R
À¨¶:hvxcfh=Qsªz{ªvcfhVtz{xuv~¥z{} zuy8y|fx~¥}f»Dv
:zZ~¤}Äv
(x′, y′)
°<ps~¥}yh¦,hc$³{h{ff£¥~¤hÂvxcfhghvxcfzu»z{ª,~¥g{{ht¦"h´¬}¾vxcDv
g(y;x0, y0)
~¥t²vxcfh
t|fg zªlªBzZ|fjzªlvxcfh8th=yz{g:z{}h}Zv9t°»ºgh£¥rZ¶6¦l~¤vc
x′ =
√
2(y+L−r) ¶\~¤v´~tvxcfh=t®|fg z{ªlvcfhuh8}t®~¤vx~¤htNz{ª¹cf~¤v®vx~¤}vcfh²t®~uhzªQvxcfhtÄ|xh
R×R Dvvcfh:zZ~¤}Ävxt (x′, 0) ¶ (0, x′) ¶ (R−x′, R) ¶s}$
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(R,R − x′) °\Á ~¤vc x′0 = (y0+x0+L−r)/
√
2
}
y′0 = (y0−x0+L−r)/
√
2
vxcf~tl{~¥³{h8t
g(y;x0, y0) =ξ
(
x′, 0;x′0, y
′
0
)
+ ξ
(
0, x′;x′0, y
′
0
)
+ ξ
(
R−x′, R;x′0, y′0
)
+ ξ
(
R,R−x′;x′0, y′0
)
.
k}s¦"9y{£¥y|f£Dv~¥z{}$tNy{}<:ht®~¥gf£¥~µ¬$h8
t£¤~¥{cÄv£¥rjsr´g<§s~¥}f|thz{ª«t®rsgghvxrx{|fgh8}Zvxt8°\i,zZ}u¸
vx~¤}s|fz{|txzv9Dvx~¤zZ}=zª6vch'tÄ|xh5Är
90o
gh}tlvcvh8ZyxcVzª6vcfhvhxg<ty}V:hh8f£{yhsr·vxcfh
uh8}t®~¤vwrÃzªvcfh=fxz{$f~¥£¤~¤vwr zªcf~¤v®v~¥}f»vxcfht®~uhz{ªvcfhtÄ|{hv
(x′, 0)
¦lcf~¥£¥h=t®vx{®vx~¤}f¾ªBzZg=¶
xh8t:h8y¨vx~¤³Zh£¥r{¶
(x′0, y
′
0)
¶
(y′0, x
′
0)
¶
(R − x′0, R − y′0)
¶fzZ
(R − y′0, R − x′0)
°Nbdcf~¥tl{~¥³{h8t
g(y;x0, y0) =ξ (x
′, 0;x′0, y
′
0) + ξ (x
′, 0; y′0, x
′
0)
+ ξ (x′, 0;R−x′0, R−y′0) + ξ (x′, 0;R−y′0, R−x′0) .
¿^{ZÀ
ºzvhdvcvN{£µvxcfz{|{c
ξ(x′, 0; ·, ·) }fz5£¥z{}fZh\yz{}Zv9~¥}t y′ ¶{~¤vtwvx~¤£¥£uh:h8}ft\z{} y ¶ x0 ¶Z{} y0 vxcfzZ|f{c
x′ =
√
2(y+L−r) ¶ x′0 = (y0+x0+L−r)/
√
2
¶s{}
y′0 = (y0−x0+L−r)/
√
2
°3± v"h8g{~¤}$t\vzjt®zZ£¤³{h
ξ (x′, 0;x′0, y
′
0)
ªBz{{}Ärt®hvlz{ª3~¥}f~¤v~£XyzZ}u~¤v~¥z{}t
(x′0, y
′
0)
°\Áaht®c$£¥£«uzvcf~tdvczZ|f{cvcfh@ch£¥=z{ª
vxcfh5¬xt®v®¸ Zttx{hfxz{{f~¥£¤~¤v¯r
z{ª)vcfh@:zZ~¤}Äv
(x′, 0)
°
± ª
j(x′, t)
~¥t"vxcfh5Qsª6zª)vcfh5¬xt®v¸ØZttx{hfzZf~¥£¥~µvwr<z{ª)cf~¤v®vx~¥}f´vxcfh@{t®zZ~¤}fj:zZ|f}f{r<z{ª
vxcfhtÄ|{hªBzZdvcfh5¬9twvlv~¥gh@~¤}=vcfh@:zZ~¤}Äv
(x′, 0)
Dvlv~¥g´h
t
¶uvxcfh}}v|f9£¥£¥r
ξ(x′, 0;x′0, y
′
0) =
∫ ∞
0
j(x′, t)dt,
¿ØÄÀ
t~¤}$yh~µvd~tvcfh²fxz{{f~¤£¥~¤v¯r<uh}$t®~¤v¯r<z{ª«cf~¤v®vx~¤}'vxcfh:zZ|f}f{r´ªBz{,vcfh¬9twv,v~¥gh~¥}
(x′, 0)
zD³{h"{£¤£
vx~¤gh{°
± v5~t²§s}fzD¦l}  f¶««°{f¶QX°'s6vcv
j(x′, t)
~¥t5h"Ä|£3vxzvcfh´¼|f­¾{z{~¥}fz{|fv²ªBzZg vxcfh:z{~¥}Zv
(x′, 0)
¶f~Ø° h{°
j(x′, t) = D
∂p(x′, y′, t;x′0, y
′
0)
∂y′
|y′=0,
¦l~¤vc
p(x′, y′, t;x′0, y
′
0)
vcfh=Qsªzªvcfh=£¤zuy8Dvx~¤zZ}Ãzªvcfh=½"xzJ¦l}~¥{}Ãg´z{v~¥z{}Kv'vx~¤gh
t
{~¥³{h} sr
h Z|$Dv~¥z{} ¿^fÀ°i,z{g'f~¥}f~¥}f´vxcf~¥tl¦l~¤vcÃ¿ØZÀ,Z~¥³{h8t
ξ(x′, 0;x′0, y
′
0) =D
∫ ∞
0
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′
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∂y′
|y′=0 dt
=
4
Rπ
∑
n≥1
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n
m2 + n2
sin
(
mπx′
R
)
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(
mπx′0
R
)
sin
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